In the orbitally degenerate ( J = 5/2 ) Periodic Anderson Model, the magnetic susceptibility is composed of both the Pauli term and the Van Vleck term, as is well known. The former is strongly enhanced by the strong correlation between f -electrons. But, for the latter, the influence of the strong correlation has been obscure for years. In this paper we give the solution of the longstanding problem. With the aid of the d = ∞ approximation, we study this problem on the basis of the Fermi liquid theory with degenerate orbitals, taking account of all the vertex corrections in a consistent way. As a result, we obtain the simple expression for the magnetic susceptibility, and show unambiguously that the Van Vleck term is also highly enhanced in the strong correlation regime. This fact explains naturally the enhanced magnetic susceptibility observed in many insulating systems ( i.e., Kondo insulator ).
I. INTRODUCTION
In this paper, we investigate the uniform magnetic susceptibility, χ, for the orbitally degenerate ( J = 5/2 ) Periodic Anderson Model ( J = 5/2 PAM ). [1, 2] This model is much closer to real heavy Fermion systems because it includes both the f -electron orbital degeneracy and the l-s coupling. Based on this model, we can explain several characteristic behaviors observed experimentally, which are unable to be derived from the SU(N)-PAM. ( SU(N)-PAM is familiar for theorists but less realistic model than J = 5/2 PAM in that both the f -electron bands and the conduction electron bands possess the same N-fold degeneracy.
)
One of the characteristic behaviors of the model is the presence of the anomalous Hall effect (AHE). Reference [3] clearly explains that the anomalous Hall coefficients of heavy Fermion systems are proportional to the square of the resistivity at low temperatures, and points out that its mechanism is similar to that of AHE on the ferromagnetic metals proposed by Karplus and Luttinger. [4, 5] The other characteristic property is the presence of the Van Vleck magnetic susceptibility. [6, 7] As is well known, the magnetic susceptibility of this model contains the Van Vleck susceptibility χ V in addition to the usual Pauli susceptibility χ P , so the total magnetic susceptibility is given by χ = χ P + χ V . χ P comes from the intra-band contribution, which vanishes in the absence of the Fermi surface, and χ V comes from the inter-band contribution.
Of course, χ is one of the most important and characteristic physical quantities in the heavy Fermion systems. But, unfortunately, the property of the Van Vleck susceptibility χ V remains quite obscure in the presence of the large Coulomb interaction.
Furthermore, its general properties should be studied for understanding the origin of the strongly enhanced magnetic susceptibility for so-called Kondo insulators, [8] where χ P = 0 and only the Van Vleck susceptibility remains. We also have to understand the property of χ in order to interpret the Knight shift data for super-conductive heavy Fermion systems. [9] Historically, this problem was first studied in ref. [1] . The authors paid attention only to χ P , and claimed that χ V could be neglected. On the contorary, mean-field like treatments give the enhanced χ V . [6, 7, 10] But, such approximations seem to be insufficient to settle this problem because they assume the frequency independent renormalization factor, which is a less-realistic assumption. The settlement of this problem will bring us the useful understanding for the electronic properties for the orbitally degenerate model.
The existence of χ V in J = 5/2 PAM is closely related with the fact that the magne-tization operatorM is not conserved in this model, i.e., [Ĥ,M ] = 0. [12] WheneverM is conserved, χ V vanishes identically and the susceptibility has been obtained without ambiguity in the framework of the Fermi liquid theory ( FLT ). For instance, the susceptibility for SU(2)-PAM or J = 5/2 single-site Anderson model is made of χ P alone, and obtained by the Luttinger's method. [13] [14] [15] On the other hand, in order to analyze the magnetic susceptibility of our model, we have to find another useful method. ( By the RPA-approximation, which is an insufficient analysis for our problem, the enhancement for χ V is less than factor of two even in the strong correlation regime where χ P < ∼ ∞.
[16] )
In this paper, we analyze the properties of χ and χ V by investigating all the vertex correction for them by use of a kind of the Bethe-Salpeter equation. Then we employ the d = ∞ approximation, [17] which is considerably effective for our problem on J = 5/2 PAM. [18] We also discuss the Wilson ratio R in the strong correlation regime. The definition of
where R 0 is the unrenormalized Wilson ratio. γ ( γ 0 ) is the ( unrenormalized ) T -linear coefficient of the specific heat, χ ( χ 0 ) is the ( unrenormalized ) uniform magnetic susceptibility. 
where ρ 0 (0), g and µ B are the density of states for f -electrons, the Lande's g-factor, and the Bohr magneton respectively, and J 2 eff = J(J + 1) in the spherical system, i.e., without any electronic crystal field (ECF). For instance, for an isolated Kondo atom R is universally given by R = (2J + 1)/2J and R 0 = 1.
The composition of this paper is as follows : in §2, we explain main properties of J = 5/2 PAM and its Green's functions. In §3, we express the magnetic susceptibility in terms of the dynamical susceptibility on the basis of the multicomponent FLT. In the insulating systems, the susceptibility is given by only the Van Vleck susceptibility defined in this section. In §4,
we calculate χ and χ V explicitly in case U = 0. The obtained results are the same as those obtained previously. In §5, we investigate χ and χ V (P ) in d = ∞ in the strong correlation regimes, by taking all the vertex corrections into account. Then, in the case of no ECF, we find that both χ and χ V are proportional to the same enhancement factor. This implies that the Van Vleck susceptibility χ V is enhanced, which is the main result of this paper. In §6, we also discuss the Wilson ratio in our system and find out that R ∼ 1. We also point out that the results for d = ∞ systems are qualitatively correct for the three dimensional system. In §7, the obtained results are summarised and the future problems are pointed out.
In Appendix A, we study the magnetic susceptibility for SU(N)-PAM, and show that the Van Vleck susceptibility is small in this model, which arises from the difference between the magnetic momentum of f -electrons and that of conduction electrons. In Appendix D, we confirm our conclusions numerically, by use of the ( self-consistent ) second order perturbation treatment ( ( SC-) SOPT ). In Appendix E, we show in detail that χ ′′ V , given by (78), vanishes identically.
II. MODEL AND GREEN'S FUNCTION
In this paper, we study J = 5/2 PAM, which is a realistic model for the Ce-compound heavy Fermion systems in that it represents the f -orbital degeneracy. In the absence of the magnetic field H, our Hamiltonian is given by [2, 3] [18, 19] On the other hand, in Fig. 1(b) , the Fermi energy µ lies in the hybridization gap and below E f , so the system is insulating.
∆ − ( ∆ + ) represents the lower ( higher ) edge of the hybridization gap measured from the Fermi energy. This situation is a prototype for the so-called Kondo insulator. [8] More detailed electronic structure is studied beyond the one-body picture by use of the numerical perturbation calculation. [18] In the absence of the magnetic field, G kσσ ′ (ω) is diagonal with respect to the spin σ
The density of states ( DOS ) of the f -electrons, ρ 0 (ω), and that of the conduction electrons, ρ c 0 (ω), are given by the retarded Green's functions as
where N represents the total number of the f -sites. In case U = 0, these relations (11) and (12) are also satisfied with E f replaced by E f + Σ(ω) for |ω| < ∼ T * , where T * (> 0) represents the characteristic energy within which the quasiparticles are well defined. In usual heavy
Fermion systems, T * is much smaller than D.
As is shown in ref. [3] ,
, which is an important relation throughout this paper.
III. DEFINITION OF THE PAULI AND VAN-VLECK SUSCEPTIBILITY
In this section, we consider both the Pauli susceptibility χ P and the Van Vleck susceptibility χ V , and derive their general expressions on the basis of the FLT for J = 5/2 PAM.
Though our discussion in this section is restricted to J = 5/2 PAM ( in the presence of any ECF ) for simplicity, it is more general and is valid for many kinds of multicomponent Fermi liquid systems. Now, we consider the situation where the system is in a finite magnetic field H along z-axis. The magnetization of this system, M , is expressed by use of the Green's functions as
The second term of the above equation is the contribution from the spin of the conduction electrons. In this paper we neglect this contribution because it is very small. The total susceptibility χ is given by
As is well known, the Green's function G kσσ (ω) is expressed by the retarded and the advanced Green's functions, G R kσσ (ω) and G A kσσ (ω) as
for |k| ∼ k F and ω ∼ 0.
[20] E * kσ is the quasiparticle spectrum obtained by
From the definition of E * kσ above, we can show for |k| = k F that
where α kM σ (ω) is introduced by (8) , and a k (ω) is the renormalization factor for the conduction electrons, given by
Note that a k (ω) ≪ 1 for |ω| < ∼ T * . By use of (15) and (17), we can derive that
where ϕ and Q are defined by
where the superscript R(A) represents retarded ( advanced ) function. On the other hand, we can show that
on the basis of the well-known FLT. [12, 20, 21] By use of (13), (14) , (20) and (23), we can prove that
This relation is trivial whenever the magnetization operator is conserved [22, 21] but should be proved for our model. [12] Anyway, by use of (25), we can discuss our problem in terms of the more familiar FLT. [12, 20, 21] So, χ can be expressed more explicitly as
where Tr represents the trace with respect to the angular momentum, and
Here, we have introduced the k-limit and ω-limit of the four-point vertex
, and represents them asΓ 
For instance, we can write the H-derivative and the ω-derivative of the selfenergy as follows :
In this paper, we define the Van Vleck susceptibility χ V and the Pauli susceptibility χ P as
According to (32) and (33), we can divide χ into χ P and χ V in a unique way. The standard FLT tells us that χ V = 0 and χ = χ P if the magnetization operatorM is conserved, i.e.,
[Ĥ,M] = 0 : [21, 12] we briefly show this in Appendix A. Equations (32) and (33) can be expressed as
Equation (34) is depicted by Fig. 3 . In the following sections, we investigate the expressions of χ and χ V , given by (26) and (34), further.
Here we stress that the principle of division of the total susceptibility into (32) and (33) is very clear ; the former does not contain anyQ p (ω) defined by (22) while the latter contains at least oneQ p (ω) in itself. Equation (35) indicates that χ P vanishes and the total susceptibility is given by χ V in the case whereQ p (ǫ) ≡ 0, i.e., where the Fermi surface disappears for some reasons or other. This is true for any multicomponent Fermi liquid systems.
In this section, we calculate both χ 0 V and χ 0 P defined by (34) and (35) in case U = 0, and show that our results are identical to those obtained previously by several authors. [6, 7] 
a) Metallic case : For simplicity, we consider the case where the DOS for the conduction electrons is constant, i.e., ρ 0 c (ω) = ρ c . We also neglect the contribution from the spin of the conduction electrons, which is of order ∼ ρ c /ρ ∼ O(V 2 /D 2 ) compared with the total magnetic susceptibility. ( see §2. ). Moreover, we assume the six-fold degenerate f -electron spectrum and the spherical Fermi surface. The calculated results of (37) and (38) are
A = 0.333, C = 0.152.
Note that ρ 0 (ω), given by (12) , is the DOS for f -electrons. Moreover, the ratio χ
19 is derived. The Wilson ratio R 0 of this system, whose definition is given by (1) , is given by
The obtained results (39) ∼ (41) are identical to those shown previously by several authors. [6, 7] Note that these results are not universal for J = 5/2 PAM in that it depends on the ω-dependence of ρ c (ω). b) Insulating Case : Next, we consider the insulating case where the Fermi energy µ lies in the f -c hybridization gap. In this case, apparently χ 0 P = 0 because ρ 0 (0) = 0. So, the total magnetic susceptibility χ 0 is equal to the Van Vleck susceptibility, which is given by
where ∆ − is the lower edge of the hybridization gap. In this case, χ 0 ins remains finite and will take a large value. This result makes highly contrast to that of the insulating SU(6)-PAM, whose magnetic susceptibility is about V 2 /D 2 times smaller than (42). ( see Appendix A. )
In this section, we analyze the magnetic susceptibility χ in the strong coupling regime, taking account of all the vertex corrections due to the strong Coulomb interaction U in a consistent way. In §5 and §6, we assume the six-fold degeneracy of f -electron spectrum and spherical Fermi surface in the extended zone scheme. Such a assumption will be allowed for our aim to elucidate the essential properties of the susceptibility under the influence of the strong Coulomb interaction.
We study this problem concerning only the leading term with respect to 1/d-expansion ;
we call such an approximation the d = ∞ approximation or the d = ∞ limit. In the d = ∞ limit, the selfenergy becomes momentum-independent, as is well known.
[17] For J = 5/2 PAM, the electronic properties obtained by this approximation will be quite similar to that in the realistic d = 3 system. [18] So, the conclusions obtained by the d = ∞ limit analysis will be valid also for the d = 3 system.
A. Brief review of the d = ∞ approximation
In the d = ∞ approximation, the irreducible four-point vertex is considered as local, as well as the selfenergy. So, the reducible four-point vertex Γ is composed of the local irreducible four-point vertex Γ I and the non-local particle-hole Green's functionsφ(ω), as is shown in Fig. 4 . We explain the reasoning briefly : On the other hand, the particle-hole pair should be regarded as non-local. Below, we take
In this approximation, k-summation becomes
where ρ c 0 (ǫ k ) is the unperturbed DOS for the conduction electrons. We see below that the results of this paper are sensitive to the value of ρ c 0 (0), but insensitive to the energydependence of ρ c 0 (ǫ k ) in heavy Fermion systems. So, we do not pay attention to the func-
B. The local Green's function, the selfenergy and the irreducible four point vertex in
As is shown in the previous subsection, in the d = ∞ limit both the selfenergy and the irreducible four-point vertex are composed of the local Green's functions,ĝ(ω). When we assume the spherical Fermi surface, g(ω) is given by 1
Thus, the local Green's function g(ω) is diagonal with respect to M, and it is independent of
[3] which vanishes after the k-summation in case M = M ′ . ) This is a remarkable simplification occurring in the d = ∞ approximation. Thus, in the d = ∞ limit, both the selfenergy and the four-point vertex become diagonal with respect to M even in a finite magnetic field H, and independent of M in case H = 0.
For simplicity, we consider the case in the absence of ECF, i.e., E
In the absence of the magnetic field H, we can rewrite the f -electron Green's function given by (9) , into a simpler form as follows :
where
where Σ(ω) represents the selfenergy in the d = ∞ limit, which depends on neither k nor
M.
Here, we consider the quasiparticle representation of G k (ω) given by (46). For |ω| < ∼ T * , the retarded Green's function is
i.e., (−1/π) ImG
where T * represents the characteristic energy, within which the quasiparticle can be well defined. ( T * corresponds to the renormalized Fermi energy. ) Here, z 1 (ω) is the momentumindependent renormalization factor of f -electrons, given by
Both z(ω) and z 1 (ω) are the renormalization factors of f -electrons. Apparently, 1/z 1 (0) ∼ = 1/z(0) ≫ 1 in the heavy Fermion system.
Finally, in the d = ∞ limit, we can show that the irreducible parallel four-point vertex
satisfies the following property :
i.e., Γ
is diagonal with respect to M and independent of M ( see Fig. 6 . )
This property is explained in Appendix. B, which is no more true for reducible vertices.
Here, we summarise the results of this subsection : in our J = 5/2 PAM, in the d = ∞ limit, the angular momentum M is conserved in the local Green's function, the selfenergy and the irreducible four point vertex, because they are estimated as local processes in the
C. Vertex Corrections for the magnetic susceptibility
Contrary to Σ(ǫ) and Γ I (ǫ, ǫ ′ ), the particle-hole Green's functions are never restricted to the local process, soφ(ω) andQ(ω) are not diagonal with respect to M.
which is a matrix with respect to M. In (51),Ĝ i,j (ω) (Ĝ k (ω) ) is the Green's function in the real-( momentum-) space representation.
Here, we introduce a M-independent particle-hole Green's function in d = ∞, ϕ a (ω),
ϕ a (ω) is related with frequency-derivative of the selfenergy, which is depicted by Fig. 7 (a) .
Note that the summation on M ′ is taken in (52).
Next, we also introduce another M-independent particle-hole Green's functions, ϕ b (ω),
ϕ b (ω) is related with the magnetic field-derivative of the selfenergy, which is depicted by We also define the following functions, which are M-independent :
where we have used the relation dE *
for |k| = k F , which is rigorous because our selfenergy is k-independent. Note that ρ (0) is not an enhanced quantity. Especially, in the d = ∞ approximation, ρ(0) = ρ 0 (0) is satisfied rigorously on condition that E f is modified so as to fix the value of µ, because of the momentum-independence of the selfenergy.
Here, we notice that ϕ a (ω) = ϕ b (ω) and Q α (ω) = Q β (ω) in our model, which is the consequence of the fact that the magnetization M is not conserved. i.e., [Ĥ,M ] = 0. This situation has been prevented us from treating this problem on the basis of the FLT.
Then, we introduce the reducible four-point vertices Γ r (ǫ, ǫ ′ ) and Γ r,ξ (ǫ, ǫ ′ ) so as to satisfy the following Bethe-Salpeter equations :
where r = {a, a ′ , b} and ξ = {α, β, γ}. For example, we can represent the mass-enhancement factor as follows :
which is shown in Fig. 8 . Here, we notice that
of the phase factor, e i(M ′ −M )ϕ k . In the same way, the Van Vleck susceptibility χ V and the total susceptibility χ, given by (34) and (26) respectively, are expressed as
Notice that In heavy Fermion systems, the behavior of Imϕ a (ǫ) or Imϕ b (ǫ) only for 0 ≤ −ǫ < ∼ T * plays a predominant role for the enhancement factor, as is discussed in Appendix C. Below, we show the relation between Imϕ a (ǫ) and Imϕ b (ǫ), which is derived in Appendix C.
(i) In the metallic case : Here, we introduce the new particle-hole Green's functions, ϕ a ′ (ǫ),
Then, the following important relation is obtained :
(ii) In the insulating case ( i.e., ρ(0) = 0 ) : Here, we introduce ϕ a ′ (ǫ) as
where ∆ * − denotes the renormalized lower edge of the hybridization gap measured from the fermi energy, and ρ(∆ *
is satisfied very well. Because the relation 1/z(∆ * − ) ∼ = 1/z(0) is naturally expected by the numerical calculation in Appendix D, the relation ∆ * − ∼ = z(0) · ∆ − is also expected.
We can show that
In the next subsection, we investigate the magnetic susceptibility χ and χ V by use of the relation (66) and (69), respectively.
D. The expression for the magnetic susceptibility in the d = ∞ case.
In this subsection, we study the (63) and (64) further and obtain the simple expressions for χ, χ V and χ ins . By use of the relations ϕ b = ϕ a ′ + Q γ and ϕ b + Q β = ϕ a ′ + Q α given in the previous section, we can check the following Bethe-Salpeter equations in a straightforward way :
The first line is depicted in Fig. 9 . Taking account of the relations (66) and (59) obtained in §5-3, we can estimate as
because the contributions to them from the quasiparticle excitations are dominant in heavy Fermion systems. These results play important roles in the following discussions.
Then, we introduce the new enhancement factor, 1/z ′ (ǫ), as
Considering the relation (72),
is satisfied in heavy Fermion systems. In Appendix D, we show that the relation (74) is well supported by the numerical calculation by SOPT and SC-SOPT.
Here, we introduce the enhancement factor for the magnetic susceptibility 1/z H (ǫ) as
where (76) is given for the metallic case. In the insulating case, 0) is expected. Then, we can rewrite the total susceptibility χ, given by (64), and obtain a simple expression as
where χ 0 = 2g 2 J(J + 1) · Aρ(0), which is similar to the unperturbed value given by (39).
And χ ′′ V is given by
We can estimate that χ ′′ V = 0 by use of (74), because
More accurate derivation of (79) is given in Appendix E. Equation (77) ( and (64) ) is depicted in Fig. 10 . Thus, by use of (74) and (79), we get the simple expression,
This is the main result of this paper, and is proved to be rigorous when 1/z(ω) ≡ 1/z ′ (ω) is satisfied identically. ( see Appendix D. )
Next, we also rewrite the Van Vleck susceptibility χ V , given by (63), as follows,
where χ ′′ V is given by (78). Before concluding this subsection, we consider the insulating case. In this case, apparently χ P = 0 and χ ins = χ V at zero temperature. By use of the results obtained in the previous sections, we can show that
, which is similar to the unperturbed value given by (42). χ ′′ V is given by (78). Thus, we get the simple expression
From the mathematical point of view, the obtained expressoin for χ, given by (77), is identical to (26) . In fact, the energy-integration appearing in the definition of χ, given by 
VI. FURTHER ANALYSIS FOR χ, χ V AND χ INS
A. Estimation for the Wilson ratio in the d = ∞ limit : in case U = 0
In the previous section, we get the general expression for χ and χ V , and find that they are enhanced by 1/z. Furthermore, we estimate the Wilson ratio in this section by examing the magnetic enhancement factor, 1/z H . For this purpose, we consider the T -linear coefficient of the specific heat and the charge susceptibility at first.
(i) T -linear Coefficient of the Specific Heat ; γ
In the metallic case, the γ is given by, [2] 
where γ 0 is the value in case U = 0. γ is proportional to the mass-enhancement factor 1/z 1 (0) ∼ = 1/z(0).
(ii) Charge Susceptibility ; χ ch By use of the relation
the charge susceptibility in the metallic case is given by
where Usually, in heavy Fermion systems, χ ch is considerably suppressed by the strong Coulomb repulsion between f -electrons. [15] Here, we assume the following relation approximately :
which is rigorous for J = 5/2 single-site Anderson model, and expected to be valid approximately even for the lattice problem. ( In reality in the periodic system, the relation (87) may be modified by the magnetic correlation between different sites. But, we do not consider such an effect now. ) If we put χ ch ≪ 1 in the strong coupling limit region, we get from
(iii) Magnetic Susceptibility ; χ
Here, we consider χ of J = 5/2 PAM, in case there is no ECF and ρ(ǫ) ∼ = constant for 0 ≤ −ǫ < ∼ T * . At first, we consider the metallic case. By use of (76), (88) and Γ a,α (0, 0) ∼ = Γ b,β (0, 0), the relation 1/z H (0) ∼ = 1.2 · 1/z(0) is obtained. Thus, χ is given by
So, the obtained Wilson ratio is R ∼ 1.2 · R 0 . ( R 0 is given by (41). ) In fact, the result (89) is changed if the assumption (87) is incorrect. Nonetheless, R ∼ 1 is expected because the contribution to R from the vertex corrections, T (0, 0) and Γ(0, 0), is about R−R 0 ∼ 0.2 ≪ 1.
[24] It should be stressed that the Wilson ratio for J = 5/2 PAM becomes equal to that for J = 5/2 impurity Anderson model, R = 1.2, if the magnetic correlation between different sites can be neglected. [25] This result is nontrivial in the previous works, [1, 6, 12] and is contrastive to that for SU(2) PAM, R ∼ 2. [15] On the other hand, because the relation 0 < −Γ b (0, 0) · Cz(0)ρ(0) < ∼ 1/5 is expected, the Van Vleck susceptibility (81) is written by
, which is similar to the unperturbed value, (40). Thus, χ V is enhanced also by 1/z.
We stress that the RPA-type diagrams are included only in the polarization factor ( i.e., in R/R 0 ), and never included in the enhancement factor 1/z or 1/z ′ which brings the highly 
should be realized. Such a property ofΛ ω (ǫ) will not depend so much on the dimension of the system. Thus, χ V should be enhanced by the strong correlation in three-dimensional systems.
VII. DISCUSSIONS
Here, we summarise the conclusions of this paper. At first, we obtain the general but abstract expression for the magnetic susceptibility on the basis of the orbitally degenerate FLT. In the next stage, we employ two simplifications : One of them is to assume no ECF and the spherical Fermi surface, and another is the d = ∞ approximation. Since our aim of this paper is to elucidate unambiguously the essential properties of the susceptibility under the influence of the strong Coulomb interaction, these over-simplifications will be allowed.
Needless to say, it is significant to confirm the property for the zero ECF limit case. The opposite limit case, where only the lowest Kramers doublet contributes to the ground state, has already been discussed elsewhere. [2, 28] ( see Appendix A. )
After the two simplifications, we make further analysis on the expressions both for χ and for χ V , taking account of all the vertex corrections in a consistent way. Below, we summalize the results of this paper, which will hold qualitatively even in the three-dimensional case.
(i) Metallic Case
In this case the Fermi energy lies below the hybridization gap, which is a prototype of the ( Ce-compound ) heavy Fermion systems. [8] The total susceptibility is given by χ =
is the magnetic enhancement factor at the Fermi energy. ) We can also express χ by use of the mass enhancement factor 1/z(0) as χ ∼ 1.2 · χ 0 /z(0), which means that the Wilson ratio is R ∼ 1.2. In the same way, the Van-Vleck susceptibility is also expressed as χ V ∼ 1.2 · χ 0 V /z(0). In conclusion, both χ and χ V are proportional to the mass-enhancement factor. Our conclusion contradicts to the conclusion in ref. [1] .
(ii) Insulating Case
In this case the Fermi energy lies in the hybridization gap. This is a prototype of the so called Kondo insulators, some of which exhibit the large magnetic susceptibility experimentally at T = 0. [8] In this case, χ P = 0 and the magnetic susceptibility χ ins is given only by the Van Vleck susceptibility at zero temperature. we get the simple expression as χ ins = χ 0 ins /z H (∆ * − ), where ∆ * − is the renormalized lower hybridization edge. Because 1/z H (∆ * − ) ∼ = 1/z H (0) is expected, the magnetic susceptibility for the orbitally degenerate model is strongly enhanced. This result is consistent with the result (i) because the Van Vleck susceptibility will be insensitive to the state of the Fermi surface. So, χ V will be little affected by the superconducting transition.
As our calculations are very lengthy and involved, we briefly summarise the mathematical analysis for the Van Vleck susceptibility, χ V : As is shown by (32), χ V is given by the ω-limit of the dynamical magnetic susceptibility. After the d = ∞ approximation, it is written as 
Here, we have identified Γ a with Γ a ′ for simplicity. ) By use of this equation, we can finally
Here, we make the physical consideration on χ P and χ V in terms of the one-body picture, which was done previously by Anderson and Zou. [11] In the one-body picture,
, where z(0) is the renormalization factor at the Fermi energy and E f * is the renormalized f -electron spectrum. In the mean-field approximation, where the frequency-independent renormalization factor z const is assumed, then E f * is strongly renormalized towards the Fermi energy so that χ V /χ 0 V ∼ 1/z const . On the other hand, from the viewpoint of the FLT, renormalization is caused by the strong energy-dependence of the selfenergy. The renormalized value of E f * critically depends on the energy range of the coherent region ( around the Fermi energy ), in where the energy dependence of the selfenergy is large. Thus, the question 'to what extent χ V is enhanced or not by the strong correlation ' is never trivial within the one-body picture. The simple mean-field approximation never answer this question.
Our analysis shows that the excitation of the quasiparticles, which are well defined only within T * , bring the enhancement of χ V , χ V /χ 0 V ∼ 1/z H (0). Our work also suggests that E f is strongly renormalized to the Fermi energy.
Finally, we point out some future problems. At first, it is interesting to estimate the influence of the electronic crystal field, or the shape of the Fermi surface ( i.e., the shape of the lattice ). These effects are ignored in this paper. Secondly, the effect of the antiferromagnetic fluctuation should be taken into account correctly. The antiferromagnetic fluctuations will make the magnetic susceptibility χ smaller than our prediction, although they cannot change the value of χ and χ V drastically. In fact, some heavy Fermion compounds are under the influence of the prominent antiferromagnetic fluctuations, which may be the driving force to the superconducting state. Such a study will give us much information on the electronic properties of the heavy Fermion systems.
Only in the special case g f = g c , the magnetization operatorM is conserved and χ is derived where Γ ′ (ǫ, ǫ ′ ) is an irreducible four-point vertex with respect to the Coulomb interaction U.
Then,
In the first line of the r.h.s. of (C2), we have changed the path of ω-integration as shown in Fig. C·1 . Even if Γ ′ is replaced with reducible vertex Γ, this procedure is correct because ϕ a
The last term in (C2) can be obtained by substituting the following spectrum representations ( which is possible because ϕ a(b) (±∞) = Γ ′ 2 (±∞, 0) = 0.) ,
and by performing ω-integration at first. In the last line of (C2), only Re{Γ ′ (ζ, 0) 2 } for 0 < −ζ < ∼ T * contributes predominantly to the value of the ζ-integration, which is largely enhanced. Thus, in heavy Fermion systems, the behavior of Imϕ a(b) (ǫ) only for 0 ≤ −ǫ < ∼ T * is dominant in determining the enhancement factor.
In the next stage, we prove the important relation given by (66). The spectral representations for the local Green's functions, given by (44), are
where ρ f (ζ) represents the DOS of the localized f -electrons, and d kM M is given by (46).
Apparently, ρ(ζ) ≥ ρ f (ζ) for any ζ and ρ f (0) = 0. On the other hand, we can also express the particle-hole Green's functions in the spectral representation as follows ( see (C5) ) :
where in deriving the last line above, we have done the partial integration.
At first, we investigate the case where the system is metallic at T = 0, i.e., ρ(0) = 0. ( see Fig. 1(a) .
So, we obtain
Considering that the first term of the r.h.s. of (C8) has the enhancement factor 1/z contrary to the last term, we can neglect the last term of (C8) for 0 ≤ −ω < ∼ T * in metallic heavy
Fermion systems. On the other hand, ρ f (ω) is non-zero only for ω ∼ |E f * − µ| > 0, corresponding to the renormalized E f spectrum, and ω ∼ ±U/2, (U ≫ T * ), corresponding to the broad satellite on both sides of the Fermi energy [18] . Especially, ρ f (0) = 0. Thus, 
we can show from (54) that
Here we have used (C6) and (C8). We stress that when U = 0 and ρ 0 c (ω) = constant with respect to ω, the relation (66) is rigorous for ω ≤ 0.
In the same way, we consider the case where the system is insulating, i.e., ρ(0) = 0. ( see Fig. 1(b) . ) We prove the important relation given by (69). Note that ρ(ω) = 0 for ∆ * − < ω < E f * −µ, where ∆ * − and E f * are the renormalized lower edge of the hybridization gap and the renormalized local f -electron level, respectively. They are given by ∆ * − ∼ = ∆ − · z(0) and
In this insulating case, taking account of the fact ImΣ(ω) = 0
Thus, for 0 < ∼ − ω < ∼ − ∆ * − + T * , we can show the relation (69) in the insulating case.
Here, we comment that if the anisotropy of the Brillouin zone is taken into account in d = 3
system, the step function in (C10) becomes a continuous function because of the van Hove singularity. So, the delta function in (C11) has finite ( but narrow ) width. In this sense, the relation (69) is less universal than the relation (66).
In this Appendix, we explain the method and the results of the numerical calculation by SOPT and SC-SOPT with respect to U in the d = ∞ limit. We calculate both 1/z(ω) and 1/z ′ (ω) and check the relation (74), which is derived in the analytical way. The relation (74) is very significant because our main results (80) and (83) are based on it.
At first, we calculate 1/z(ω) and 1/z ′ (ω) by SOPT, which are depicted in Fig. D·1(a) and D·1(b), respectively. Here, we use the constant DOS for the conduction electrons, i.e., In this appendix, we examine the relation χ ′′ V = 0, shown by (79), in detail. To do this, we study the following integrals at first :
where we have done partial integration. Because
expected, both (E1) and (E2) are not enhanced. As χ ′′ V is expressed by both (E1) and (E2) ( see (66) and (78) as follows : the behavior of z ′ (ǫ) for 0 < −ǫ < ∼ T * is sensitive to the value of C, and the absolute value of (E1) is largely enhanced when (74) is not satisfied. Thus, the relation (79) is justified.
1/z ′ (ω) can be rewritten as
by dropping the reducible terms with respect to U. When we choose the value of C so that χ ′′ V = 0 is satisfied, ( which will be close to the value given by (59), ) the enhancement factor 1/z ′ (0) has no contributions from any irreducible vertices with respect to U, i.e., from any tadpole diagrams. ( see Fig. E·1 . )
Moreover, the mass-enhancement factor 1/z(0) also has nothing to do with any tadpole diagrams, that is,
Then, we can conclude that both 1/z(ω) and 1/z ′ (ω) has no contributions from RPA-type enhancement. This results suggests that the relation 1/z(ω) ∼ = 1/z ′ (ω) holds for a wider range of ω. f . The system is insulating.
• • Fig. 3 : The schematic structure for χ V .
• Fig. 4 : The structure of the vertex correction for the ( effective mass or magnetic ) enhancement factor in the d = ∞ approximation. Here, I represents the local irreducible four-point vertex, Γ I , andφ represents the particle-hole Green's functions, connecting between two sites. l, m, n and j represent the f -electron sites, on which we have to take summation.
• Fig. 5 : Two examples of U 2 -order contributions for the susceptibility. j, l, m and n represent the f -electron sites, on which we have to take summation.
• Fig. 6 : Γ I M M,M ′ M ′ (ǫ, ǫ ′ ) represents the irreducible parallel four-point vertex with respect to the particle-hole pair. In the d = ∞ limit, it is diagonal with respect to M and independent of M.
• Fig. 7 : The definition for two kinds of the particle-hole Green's functions, ϕ a (ω) and ϕ b (ω). Both of them are independent of M. l represents the f -electron sites, on which we have to take summation. In (b), factor M ′ comes from the Zeeman term.
• Fig. 8 :
The schematic structure for the energy-derivative of the selfenergy. This is composed of { Γ I , ϕ a }.
• Fig. 9 : The first line represents the Bethe-Salpeter equation relating between Γ a ′ and Γ b . The second line is derived by using the first line twice.
• Fig. 10 :
The schematic structure for χ V . This is composed of { Γ I , ϕ a ′ }. We stress that two enhancement factors appear in total on both sides of Q γ (ω) in the last line. χ ′′ V turns out to vanish identically.
• Fig. B·1 : Γ(ǫ, ǫ ′ ) represents the parallel four-point vertex and T (ǫ, ǫ ′ ) represents the anti-parallel four-point vertex, respectively.
• Fig. C·1 : Complex integration path C in eq. (C2).
• • • Fig. D·3 : Numerical results for the frequency dependence of the real parts of enhancement factors by SOPT, for the insulating case. The line and the broken line represent {1/z(ω) − 1} and {1/z ′ (ω) − 1}, respectively. We put U 2 = 1, 3V 2 = 0.25, E f = −0.5, µ = (∆ − + E f )/2 and ǫ k = 2(|k|/π) 3 − 1, respectively.
• Fig. D·4 : The diagrams for the irreducible parallel four point vertex Γ I (ǫ, ǫ ′ ) used in SC-SOPT.
• • 
